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BOUNDARY-VALUE PROBLEM FOR AN EQUATION OF MIXED TYPE WITH TWO
PARABOLIC LINES

N. M. Flaysher1

Many works have been devoted to boundary value problems
for equations of the mixed type with one parabolic line.
Below we consider a boundary value problem for mixed equa-
tions with two intersecting lines of a degenerate type.
Solution is sought in the semi-plane bounded by the charac-
teristic equation. The problem is reduced to a system of
singular integral equations whose solution is obtained by
the method developed (for the case of one equation) in ref-
erence 1.

We take the following equation for the model equation of a mixed type with/699%
two intersecting parabolic lines

%. + sgn(2y)-u, =0.\ (1)
We use I'; and 'y to designate the characteristics x+y=0, x>0 and x+y=0, y>0 of
equation (1) and let F=F1LJF2. The function { assigned on I' will be taken in
the form ¢1(x) on Fl and in the form wz(y) on I'y. The regions x>0, -x<y<O0;
x>0, y>0 and y>0, -y<x<0 will be designated respectively byﬁ)1,§3+ andﬂbg and
the union of these regions by D. Finally we let rwm.
Problem D. To find the function u(x, y) which is limited for r—~ and con-

tinuous in®D with derivatives uy and u, which are continuous inside‘i)(it is

y

assumed that the origin of the coordinates u, and u, may have logarithmic sin-

gularities), which satisfies equation (1) in the region D when x70, y#0 and
when the boundary condition is ujr=¢y.

Theorem. If ¢l(t) and wz(t) have a derivative in (0, ®) which satisfies /700

the following expression for any finite values of t

A
(n|t;—t ||| Injin|ty— ¢ |fl ... Injln. . |10} tg—) ... )

1 (k) — ') <

T . e e 1s . . . .. .
Numbers given in margin indicate pagination in original foreign text.
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’ (A>0 and p>1 are constants) and y'(t)=0(t™9), g>1 for t—=, then the solution of
problem D exists and is single-valued; the derivatives u, and uy have logarith-

mic singularity at the origin of the coordinates.

To prove this theorem we introduce the notations v(®)=u,(®, 0),0<:0<oo
and p.(y) = u,(0, y), 0 <y <oo and con51der the Cauchy-Goursat problem

. Upg — Uyy=05 2> 0, — 0<y <Oy . (3)
U (2 0) = v(a), 0<o<oo; ulp, ={,(0), 0<wm <oo,

A“Jc-l'_"'uw=0§ y> 0, —y<w<0,.

4)
W0, 9) = u(¥h 0<y<oo; ul=ts4) 0<y<oo
as well as the Neumann problem
Uy T+ Uy ='0; >0, y> 0,
(5)

u,(w,“0)=v(_:d), 0<a<oo; 4,(0,9) =u(y), 0<y<oo

with solution continuous in®+ and bounded for r—~», having a continuous deriva-
tive with respect to x when x=0 and a continuous derivative with respect to y
when y=0.

Solving problems (3) and (4) we find, respectively, that

)+%( = y)fszﬂf(t)‘dt, L (6)

w(z, y) = — $,(0) + v,(

A

+
y+ )”'(y;m)*r“‘”d"\ -

w(@, §) = — 43 (0) + %( :

And by solving problem (5) we obtain (assuming that the condition for the Neu-
mann problem to have a solution is satisfied)

vyt L E 0+ 921 (6 — )t + 9] 1y

“(wa ¥ = '“o +—'S0 o (a* + yS)l +
C iy e u:%)ﬁiﬂ[uw)%wﬂ o ®)
S, |

where ug=lim u(x, y). The conditions#(®, —0) = w(w, + 0), u(—0, y)= u(;‘{. 0,';;‘ /}701

now lead to a system of singular integral equations
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v(s) + = §E—?:——vmda—;§:—5;-i u-(i)f}ﬁ-——‘-"f—-l.l*{(-%J’ )
wis) + = S gz_ L3 5—*;§:E,+ . cz>dz=—¢s(§)-

The méthed of reducing the total singular integral equations to charac-
teristic equations is applied to system (9). This method is developed (for
the case of a single equation) in reference 1. By using this method it is easy
to see that in the class of § functions which are limited at infinity and which
have a logarithmic singularity when s=0, system (9) has a unique solution

o= =3 6[3) 2 () s )

o= i) e G wllle

Now it is easy to see that u, = {,{(c0) + $4(c0) — §(0). By carrying out a

direct verification we convince ourselves that the condition for the Neumann
problem to have a solution (5) is satisfied for any ¥; and ¥ which, in turn

satisfy the conditions specified above,

By finding v(x) and p(y) the solution of problem D is obtained in closed
form. The unique value of the solution follows from the equivalence of prob-
lem D to system (9) and the unique solution of this system in class§ 1In the
same way it can be shown that problem D is also correct for the equation

yuxx+xuyy=0.
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